The focus of this paper is on traveling wave solutions of the equation
Introduction.
We consider a scalar conservation law ut + f{u)x = 0, (1.1) in which f(u) is trilinear and nonconvex, as shown in Fig. 1 . The main goal of the paper is to calculate undercompressive shock waves directly, and to analyze parameter ranges for which they exist and do not exist. The analytical results are supplemented by numerical experiments that illustrate the structure of solutions of Riemann problems, and the dependence of parameters upon each other.
An undercompressive shock is a discontinuous weak solution of (1.1) with the property that characteristics pass through the shock, whereas in a compressive shock the characteristics impinge on the discontinuity from both sides. To specify undercompressive shocks in a useful way, there must be an additional distinguishing condition. In this problems.
The results of this paper provide explicit analytical information about undercompressive shock waves that can be used to test numerical methods designed to capture or represent undercompressive shocks for more general equations or systems. The earlier analysis [6] of a cubic flux function provides another test case that is documented analytically. However, the trilinear flux function differs in several respects from the cubic case. In particular, the parameter ranges in which undercompressive shocks exist are more subtle for the trilinear flux, and the proofs are more intricate, though elementary.
In Sec. 2, we reduce a general, nonconvex, trilinear flux to a one-parameter function and describe the elementary waves that will appear in the solution of the Riemann initial value problem. Section 3 contains our main results 011 undercompressive shock waves. Specifically, we show that in certain parameter ranges there always exist undercompressive shocks, while in the complementary ranges, undercompressive shocks do not exist. We conclude this section by discussing the explicit solution of the algebraic equations for the traveling waves corresponding to undercompressive shocks. The Riemann problem is studied in Sec. 4; here we describe the solution, showing the particular wave combinations in the (ul,ur)-plane, in four parameter regimes. We conclude in Sec. 5 with the numerical solution of the Riemann problem for the partial differential equation (1.2) . As in [3, 4] , we use a high-order flux discretization, and obtain excellent agreement with the analytical Riemann solutions of Sec. 4.
Preliminaries.
In this section, we first show that the one-parameter family of flux functions, displayed in Fig. 1 , contains all the generality of an arbitrary, trilinear, nonconvex flux. We then examine elementary waves for Eq. (1.1) . The structure of these waves is somewhat degenerate because the nonlinearity is piecewise linear rather than smooth. In Sec. 3, we discuss which of these waves should be considered admissible. b+{u -a) + boa if u > a, with a > 0 and bo < b±. First note that we have taken /(0) = 0 and f{u) linear for u < 0 without loss of generality, since translations of u or / by a constant leave equation (1.2) unchanged. Moreover, although we have bo < b±, we could equally well reverse this inequality on the coefficients. Next, we may take bo = 0, by replacing f(u) by f(u) -bou, and using a moving coordinate frame with speed bo; i.e., replace x by x -bot. The next normalization is to reduce to the case a = 1. This is achieved by scaling u by a: replace u by w = u/a, and f(u) by g{w) = f(aw)/a. Then effectively, is unchanged, and b+(u -a) becomes b+(w -1). Finally, we scale g to set t>_ = 1: replace g(w) by g(w)/b~. Then t, e, b+ and 7 must be rescaled also:
Then (dropping the primes), the equation reduces to (1.2) with flux function given by (see Fig. 1 ): 
Recall that the characteristic speed of Eq. (1.1) is /'(«)• Thus, the characteristic speeds for Eq. (1.1) are either 1, 0 or b, depending on whether u < 0,0 < u < 1 or u > 1, respectively. Within each interval (-oo, 0), (0,1), or (1, oo), the solution can jump, with the discontinuity propagating at the characteristic speed of that interval. These are linear discontinuities, which we consider to be admissible for all values of 7. It would be interesting to examine solutions of the corresponding linear equation with dissipation and dispersion, to establish the approximation of linear discontinuities by solutions of (1.2). We do not pursue this here.
Since the characteristic speed is piecewise constant, there are 110 centered rarefaction waves through which the solution varies continuously and the characteristics spread out in a fan. Within each interval (-00, 0), (0,1), or (l,oo), the rarefaction waves have been replaced by linear discontinuities. There are, however, pairs of discontinuities that, together, resemble a rarefaction wave. For example, if Ui € (0,1) and ur G (1, 00), then there is a solution of the Riemann problem that has two discontinuities:
ur if x > bt.
Note that in the sector 0 < x < bt, where u = 1, the characteristic speed is undefined. However, if we were to smooth the flux f(u) near w = 1, so that f'{u) runs smoothly and monotonically from zero to 6 as u travels from ul to ur, then the sector would be filled with characteristics and the solution would be a classical rarefaction wave. Because of this approximation, we regard these double linear discontinuities in (1.1) as admissible 
is the slope of the chord joining the points (u±, f(u±)) in the graph of /. A shock (2.5) is called compressive, or a Lax shock if it satisfies the Lax entropy condition [7] , which relates the slope of the chord, given by (2.7), to slopes of /:
f'(u+) < s < /'(«_).
(2.8)
Thus, every shock with 6 (-00,0) U (l.oo) and u+ £ (0.1) is a Lax shock.
To describe additional Lax shocks, it is convenient to define
Then there are Lax shocks from U-6 (-oo,it(,] to ii+ E (l,oo) (if b < 1), or from U-€ [ufc,oo) to u+ e (-oo, 0) (if b > 1). The threshold of ub for U-is obtained from imposing the entropy condition (2.8), which requires the chord from u_ to u+ to lie below or above the graph of /, respectively. Note that for u_ = ub, we have s = f'(u+), so that such a shock is a generalized Lax shock in the sense that it is the limit of Lax shocks, and one of the inequalities (2.8) is replaced by an equality. Such a shock is related to the shock-rarefaction construction for nonconvex smooth flux functions, where here the rarefaction portion has degenerated into a line wave.
Additional shocks that extend the notion of Lax shock will be referred to as special shocks; they have u-< 0 and u+ = 1, or «_ > 1 ,u+ = 0.
Traveling
waves and undercompressive shocks.
To describe 7-admissible shock waves, we consider traveling wave solutions u = u(£), £ = (x -st)/e of (1.2) with the boundary conditions u(±oc) = u±, u'(± 00) = 0 = u"(±oo). 
Equilibria of (3.3) are of the form (u,v), with v = 0, and
If (u+, 0) is an equilibrium, then the Rankine-Hugoniot condition (2.6) holds, so that the triple (u~,u+,s) represents a shock wave solution (2.5) of the hyperbolic equation (1.1). Now consider a chord through (it_,0) with slope s such that the chord intersects the graph of / at two other values of u. The three intersections then correspond to equilibria for (3.3). If 7 > 0, then the outside equilibria are saddle points, and the middle equilibrium is either a stable node if 4s7 < 1, or a stable spiral if 4s7 > 1.
As in the case of other nonconvex flux functions, there are 7-admissible shocks that are not Lax shocks, while some Lax shocks are not 7-admissible.
The determination of which shocks are 7-admissible is made by studying the undercompressive shocks and their corresponding traveling waves.
If u_ and u+ are saddle point equilibria for (3.3), and there is a heteroclinic orbit from (u_, 0) to (u+,0) in the phase plane, then we say -> u+ is a saddle-to-saddle connection. Henceforth, we shall reserve the term undercompressive shock for a shock wave (2.5) that satisfies the Rankine-Hugoniot condition (2.6) and for which -► u+ is a saddle-to-saddle connection.
Let < 0. We restrict attention to the range of s for which (u_,0) is the left-most saddle point: s < min(l, b). At least near (u_, 0), the unstable manifold is a curve in the phase plane that can be parameterized by u. Let v = v(u) along the unstable manifold through (u_,0). We have the following relation:
In particular, if (u_, u+, s) corresponds to an undercompressive shock, then it is straightforward to check that the trajectory joining (u_,0) to (u+,0) is the graph of v over the interval [ii_,tt+] , and since v(u) > 0 for u_ < u < u+, we have from f(u+) = 0 and (3.
that is, if -> u+ is a saddle-to-saddle connection, then the signed area between the graph of / and the chord with slope s intersecting the graph at u = u± must be positive.
Let s = se(u-, b) be the unique value of s for which the signed area is zero:
Equation (3.6) then implies that the range of values of s for which a saddle-to-saddle connection from to some u+ exists is restricted by
When b > 1, there is no restriction on < 0, but for b < 1, we must have
(ub is given by (2.9)) in order to get a saddle-to-saddle connection. There is also a lower bound on s given by considering the chord in the graph of / that passes through the point (u_,u_) and the corner at (1,0):
To summarize, in order to have an undercompressive shock, we have thus far restricted the parameters it_, s, b as follows:
Note that for 6 > 1, we have sE(u-,b) < 1 and s(u-) < sE(u-,b) for all u_ < 0, whereas for b < 1, we have s(u_) < sE (u-,b) for all u_ € (u{,, 0). These restrictions are illustrated in Figures 4a and 4b .
a. Integration of the ODE. While inequalities (3.11) are necessary for an undercompressive shock with speed s, we only expect undercompressive shocks for isolated values of s, for each fixed u_,7, b. Finding these undercompressive shocks analytically for a general nonconvex flux / is not feasible. But for the trilinear flux of this paper, the ordinary differential equation (3.2) is piecewise linear. This simplification allows us to carry the analysis of undercompressive shocks quite far by integrating the ordinary differential equation directly. This is the approach of the present subsection.
Suppose there is a trajectory from w_ < 0 to u+ > 1. Then the shock speed is given by the Rankine-Hugoniot condition (2.6):
To characterize the traveling wave, and parameter values for which the traveling wave exists, we consider solving the ordinary differential equation successively in the three domains for u = u(£) in which f(u) is affine (listed in the order in which they are treated):
LEFT: U-< u < 0, £ < 0;
RIGHT: 1 < u < u+, £ > £i; MIDDLE: 0 < u < 1, 0 < £ < Here, we have fixed the phase in the solution by insisting on u(0) = 0, but there is an additional parameter £i that must be determined. LEFT: (3.13) becomes
with boundary conditions u(-oo) = u_;
The solution we seek follows the unstable manifold from the equilibrium (tt_, 0) with increasing u: It remains to choose a,/3,£i and s so that u and u' are continuous at both £ = 0 and £ = . Continuity at £1 leads directly to the equations
in which the coefficients a, ft are found by imposing continuity at £ = 0:
Additionally, we have the Rankine-Hugoniot relation between u-,u+ and 5, written as
Thus we can equate exponentials in (3.23), leading to an equation for £1:
Applying the definitions of the constants q±,p,r, we obtain
in which Proof. The proof is based upon showing that the right-hand side of (3.26) is less than unity. Since q+ -q-> 0, this would imply £1 < 0, which is inconsistent with the construction of the solution. This result is in striking contrast with the situation for a scalar equation with cubic flux function, where even a small amount of dispersion (i.e., 7 arbitrarily small) is enough to generate undercompressive shocks [6] . However, a threshold similar to that in the corollary is encountered for the p-system with a monotonic cubic flux [9] . c. Existence of undercompressive shocks for sufficiently large 7. The restriction 47s > 1 on undercompressive shocks is shown in Fig. 4 . In that figure, we have also represented inequalities (3.11). We now show that these are the only restrictions on the parameters in the sense of the following theorem.
For 7 > j, let wmax(7) = -1/(47 -1) be the value of U-at the intersection of the curves s = s(u-) and s = j-(see Fig. 4 Proof. To prove existence of a trajectory from (u_, 0) to (u+, 0) for some value of s in the interval of the theorem, we use a simple argument based on the separation between the unstable manifold of (u_,0) and the stable manifold of (u+,0).
The argument depends partly on the structure of the explicit solution calculated earlier. Specifically, when s = s(u_), then u+ = um = 1. Since 47s > 1, Rq is imaginary: R0 -iu, where ui = ^47s -1, and q± -^( -1 ±iu>) are complex. However, Ri,Rf,,p and r remain real, since s < min(l,£>). Now for ^ > 0, the calculation of the trajectory in the middle section 0 < u < 1 gives u'(0) > 0.
In particular, for s = s(u-), we have = u+ = 1, so that limj^00?/(^) = 1. Moreover, from (3.35), u oscillates about u = 1; so there exists a first £ = £1 > 0 such that tt(£i) = 1, for which necessarily u'(£i) > 0. Thus, in the (u,u') phase plane, (u(£i), u'(£i)) lies above (u+, 0) = (1,0), so that the entire unstable manifold from (u_, 0) lies above the stable manifold emanating from (u+,0).
On the other hand, for s -SE{u-,b), the unstable manifold from (m_,0) must cross the w-axis to the left of u = u+, by (3.5) , and so must lie under the stable manifold emanating from (it+,0). Thus, there is a value of s in the interval (s(t6_), se(u~, b)) for which the two manifolds coincide, giving a saddle-to-saddle connection corresponding to an undercompressive shock. Uniqueness follows as in [4] by showing that the derivative with respect to s of the separation between these manifolds is nonzero when there is a saddle-to-saddle connection. This completes the proof of Theorem 3.4. □ Restrictions on 7, b for the existence of undercompressive shocks are shown in Fig.  3 . In Fig. 4 , we show the dependence of ss(u_;6,7)
on u_ for typical values of 7,b. Numerical calculations are shown in Fig. 5 , indicating the dependence on 7. d. Admissible shocks. One consequence of the presence of 7-admissible undercompressive shock waves is that some Lax shocks are not 7-admissible. This is a routine observation (cf. [4, 6] ); so we simply summarize the result in the present context. If there is no undercompressive shock with «_ < 0 on the left, then «Lax is 7-admissible for all u+ £ (0,1).
The following observation follows easily from the area rule (3.6). With respect to the same undercompressive shock its of (3.37), note that I u if x < st, , u(x,t) = < (3.39)
|^u+ if x > st (with s(u+ -u) = f(u+) -/(«)) is a 7-admissible Lax shock for um < u+ < 1, which implies s% < s < b.
Here is a summary of the elementary discontinuous waves I if x < st, , u(x, t) = < (3.40) |^w+ if x > st, considered admissible, to be used in the next section: Linear waves C\; Co; £),: These solutions have either u_,u+ < 0, s = 1; 0 < u-,u+ < 1, s -0; or 1 < u-,u+, s -b, respectively. 7-admissible Lax shocks S: These are of the form (3.40) with it_,u+ in various ranges. For example, u_ < 0, 0 < u+ < um(u-) if there is an undercompressive shock (3.37), and 0 < u+ < 1 if not. We also denote by S the 7-admissible Lax shocks (3.39). e. Solution of the algebraic, equations for the traveling wave. We now describe the explicit solution of equations (3.23) characterizing 7-admissible undercompressive shocks, for (6, 7) in the shaded region of Fig. 3 . Since 47s > 1, we set q± = -1/(27) ± iu;, where u> = y/iys -1.
Equations (3.23) then become
Re(ae9+^1) = (1 -um)/2, Equipped with formula (3.43) for £i(s), we now use interval subdivision to find s, and hence £1. From Theorem 3.4, we have that for a given u-£ (umini umax), the shock speed is restricted to the interval s 6 (s(u-), se(u-))-Starting at the ends of this shock-speed interval, we compute £i(s) via (3.43), with j chosen such that (i) £1 > 0 and (ii) the left sides of (3.41) are positive. We then find the difference of the left and right sides of both equations (3.41). The shock-speed interval is then halved repeatedly, until we find the value, ss(u_;6,7), at which the differences of both left and right sides of (3.41) change signs. While one equation of (3.41) would be sufficient to solve for s and £(s), we used both equations as a check. The numerical solutions obtained in this manner are shown in Figures 5a and 5b, for fixed, Ur if x > bt.
Next, consider ul < 0. Then if ur < 0, the solution is a linear wave: \uL if x < t, u{x,t) = i (4.5) [Ur II X > t.
If 0 < ur < 1, the solution consists of a single, 7-admissible Lax shock, since undercompressive shocks are not allowed. When ur > 1, however, there are two cases to consider. Since b < 1, a Lax shock from ul to ur is allowed, provide Ui is negative enough that the chord from ui to ur in the graph of / lies below the graph of /. The threshold value for this property is ul = Ub = b/{b -1). Thus, for ul < Ub, the solution of the Riemann problem for ur > 0 is a single Lax shock (4.5), whereas for Ub <ul < 0, this solution is valid only for 0 < ur < 1; for ur > 1, the solution consists of a pair of discontinuities: a special shock and a linear wave, For umax < ul <0, the solution is the same as for Cases I and II. For ul < umax, the solution has a single Lax shock for 0 < ur < um. For ur > um, the solution involves an undercompressive shock (denoted as E in Figures 7a, 7b ) from ul to u+(ul), either combined with a Lax shock S, or combined with a linear discontinuity, Cb, of speed b.
Values of (Ul,Ur) for which the solution of the Riemann problem is nonmonotonic lie in the shaded region of Fig. 7a and there is a similar shaded region in Fig. 7b . The upper boundary of this region is the curve E representing the pairs (ul, ur) for which there is an undercompressive shock from ul to ur.
we deduce that um(u_) = (1 -se(u-)~ )u_. ~ l/|u_| -> 0 as u_ -> -oo. This suggests that the asymptote uj;(7) of 7 in Fig. 7a approaches zero as 7 -> 00.
Numerical
results. The analysis of previous sections has focused on traveling wave solutions of the diffusive-dispersive equation (1.2). Moreover, in Subsection 3e, we presented numerical solutions of equations that determine parameter values for undercompressive shock waves. In this section, we consider numerical simulations of the partial differential equation (1.2) itself. Our purpose is to confirm the earlier results by displaying the structure of Riemann solutions containing undercompressive shocks, when small dissipation and dispersion are included.
The numerical scheme we employ was introduced in [3] and utilized in [4] . The novel feature of this scheme is that it takes a high-order discretization of the (piecewise linear) flux, so that the modified equation (including truncation error) agrees with the regularized PDE (1.2). The hope is that by mimicking the augmented equation, the undercompressive shocks computed by the scheme will accurately match those found via traveling-wave arguments-at least when the shock strength is not too large. Indeed, this is what was found in the case of the cubic nonlinear flux: numerical solutions showed excellent agreement with traveling wave solutions (cf. [3, 6] ).
The scheme we use is continuous-in-time, discrete-in-space, and has the following form: where f(uj) is the trilinear flux (2.2), evaluated at u = Uj. The system of ordinary differential equations (5.1) was integrated using the fourth-order Runge-Kutta scheme. For further details about the numerical method, we refer the reader to [3] .
In Fig. 8a , we plot the solution of (5. (calculated as in Subsection 4e), making the numerical error in u+ about 0.04%. The value ul = -0.696 was chosen because it is very close to the minimum of um(uL) (cf. Fig. 5d ) for the above values of b and 7; this allowed us to take ur substantially below 1, and still observe a E-5 wave combination.
In Fig. 8b , we have left UL,b and 7 the same, and increased ur above u = 1. We now see the same undercompressive shock as in Fig. 8a , but now followed by a linear wave from u+ to ur.
The solid curve has ur = 2 and is monotone (modulo some nearly invisible undulation in the linear wave due to dispersion); the dashed curve has ur = 1.01 < u+ and is clearly nonmonotone. As in Fig. 8a , the two waves move apart. Specifically, the shock speed is s = 0.455 and the linear wave speed is b = 0.75. Note 8a. E-S solution: 8b. T,-Cb solutions t = 12, Uff = 0.9 t = 9; uR = 2 (solid), u^ = 1.01 (dashed). that-while the runtimes of the two solutions in Fig. 8b were identical, and their states u+ are indistinguishable, the shock locations are slightly separated. This fine separation could go back to the transition from initial data to Riemann solution, near t -0. For the values of b and 7 we tested, the linear waves exhibit some oscillation associated with the dispersion, but they are still very much like diffusion waves. Since diffusion waves are governed by the heat kernel, they spread out like ~ \ft for large t. In particular, the broad smoothing of the faster wave in Fig. 8b is due to dissipation in the partial differential equation, and not numerical effects.
